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Abstract

Observer design for highly nonlinear dynamics is an important issue, particularly
when the locally observable dynamics are not linearly observable. In such circumstances
the ability to reduce the system to observable or observer form is a useful first step to
observer design. We describe and illustrate symbolic computing tools to do that.
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1. Introduction

When nonlinearities are essential, observability and observer design present
new complexities that are absent in linear problems. Unlike linear systems, a
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nonlinear system may be observable for some inputs and not so for others.
Reducing the system to observable or observer form can be a useful first step
to nonlinear observer design, even for these more difficult situations. Computer
tools to do this are the focus of this paper.

We begin with an overview of observability and a short and necessarily
incomplete summary of nonlinear observer design methods is given in Section
2. An observability hierarchy is defined that progresses, in weakening degree,
from ‘linearly observable’ to ‘zero-input observable’ to satisfaction of the
‘observability rank condition’ to ‘locally observable.” The tools we describe
herein apply to all of these cases. A new, general observable form for nonau-
tonomous nonlinear systems is introduced and a multiple output generalization
of the observer form construction given in [1] is given in Section 3. We also de-
scribe in detail the computations required to construct the observable and ob-
server forms. In Section 3.5 we describe our implementation of them in
Mathematica. Examples that illustrate all of the observability types in our hier-
archy follow in Section 4. Our tools' extend the capabilities of the computa-
tions described in [2] to the multiple input/multiple output case.

2. Nonlinear system observability and observers

Consider the nonlinear system
E=f(0)+ ) g@u = fulx),
i=1

y =h(x),

where x € M (a neighborhood of x, in R"), u € R™, and y € R’. We assume x
is an equilibrium point corresponding to zero input and output, i.e., f{xg) =0,
h(xp) = 0. The functions f, g;, i are smooth. We write the right hand side of the
differential equation as f,(x) to emphasize the role of u as a parameter of the
vector field.

(1)

2.1. Observability

We very briefly summarize some well established facts about nonlinear sys-
tem observability (see for example, [3,4]). The observation space O of system (1)
is the linear space of functions M — R over the field R spanned by all functions
of the form

kLll(hl)7 k;(), lglgpa Ukv"'701€{f7gla"'agm}' (2)

' A copy of the Mathematica package can be obtained by contacting the first author.



ARTICLE IN PRESS

H.G. Kwatny, B.-C. Chang | Appl. Math. Comput. xxx (2005) xxx—xxx 3

It is important to emphasize that the observation space consists of all linear
combinations of the functions (2) with real constant coefficients—viz., ‘over
the field R’. An analytic system (1) is observable on M if for any x;,x, € M,
X1 # Xo, there is a function @ € @ such that @(x;) # P(x,). Associated with
the observation space 0 is its differential d@, the codistribution

dO = span{di|A € O}.

The observability codistribution, 20, is the smallest codistribution that contains
the covectors {dh,...,dh,} and is invariant with respect to the vector fields
f,81,- -, &m- If dO is nonsingular, then d0 = Q.

The system is locally observable at x if the observability codistribution, 2,
has rankn at x,. This is called the observability rank condition. If x is a regular
point of Qp(xy), the observability rank condition is necessary as well as suffi-
cient. If the system has zero input, then the observability codistribution reduces
to

Q, = span{Lj(dh;), 1 <i<p, 0<k<n—1}.

When dim Qp(x) = n but dim Q;(x) < n, the implication is that some states
are distinguishable only under the action of control inputs. When this occurs,
most control inputs do distinguish the states. There are a few singular inputs,
notably u = 0, that do not. Thus, when dim Q;(x() = n we will use the terminol-
ogy observable for zero input at x,. It is also possible to test the linearization of
(1) at xq for observability. That is, define

0 oh
Ay = a—/;(xo)v Co = a(xo)

and test the pair (4, Cy). If the linearization is observable then we say that it is
linearly observable at x,. Linear observability implies zero-input observability.
It is easy to prove that a system is linearly observable at x, if and only if
dim ;(xo) = n. Thus, we have the following hierarchy

dim Qo (xp) = n = locally observable
fr fr

dim ©Q, (xo) = n = zero — input observable
0 1
Co

Codo
dim . = n <= linearly observable.

Cody™!
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2.2. Approaches to nonlinear observer design

An observer for the system (1) is a dynamical system with inputs y(7), u(7),
0 < 7 < t and output X(¢z) € R" such that X(¢) is an estimate of x(¢) in the sense
that ||x(z) —x(z)|| — 0 as # — oco. When (1) is linearly observable there are
many approaches to observer design. On the other hand, if (1) is not linearly
observable, options are limited. Observer design based on linearization up to
output injection was introduced in [5,6] for the single-output case without in-
puts and extended to the multiple output case in [7]. In this approach the idea
is to transform the system (1) into the so-called ‘observer form’

z=Az+ ¢(y), y=Cz (3)

where A, C is an observable pair. When this is done, observer design is very
easy. As might be expected, systems that can be transformed into the form
(3) are rare but it is interesting to note that linear observability is not necessary
if we do not insist that the transformation be a difftomorphism. Xia and Zeitz
[8] give conditions for observer construction for systems that are zero-input ob-
servable (see above hierarchy). This method (as do many others) begins with
reduction of (1) to an ‘observable form’ that we will discuss below.

An extension to the case where (1) is not zero-input observable, is given by
Hammouri and Gauthier [9,10]. The idea is to transform the system into the
‘time varying’ version of (3) specifically the ‘observer form’ given in (4), below.

2= A(u(r))z + o(y,u(r)), 4)
y=la 5]

A constructive approach to computing the transformation for single-output
systems is given in [1]. Recently, Souleiman et al. [11] present a different con-
struction that applies to a somewhat larger class of single-output systems in
which the matrix A is allowed to depend on both u and y. That is in (4)

A(u(1)) — A(u(2), y(1)).

For a system in the form of (4) a Kalman observer can be used
2= A(u()z + o(u(t), ¥(1)) + P(1)C" (4(1) — C2),
P = PA"(u(t)) + A(u(t))P — PC"CP + Q.

This observer converges exponentially provided u(¢) is such that the linear time-
varying system

z=Au(t))z, y=Cz

is completely observable [12]. This ‘passive approach’ relies on the natural occur--
rence of a suitably rich input.
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3. Observable and observer forms

When (1) is not linearly observable, but nonetheless locally observable, we
need to be able to reduce the system to either observable or observer form
as a first step to observer design using existing methods. Even for linearly ob-
servable systems this may be a convenience. In this section we describe the
computations needed to do that.

3.1. Control sequences

One characterization of the observation space is given by the following
result.

Lemma 3.1. The observation space O is equivalent to the linear vector space of
Sfunctions M — R over the field R

~ 1<i<p, k=0,
O = spangy Ly, -~ Ly, () .

ul, vt e {0, 1}

Proof. The result follows from direct calculations based on the ‘linear in con-
trol’ structure of (1). O

This motivates the following definitions. Define a sequence of
codistributions

&y = span{dh},
Er =6 +span{dLy, --- Ly (W)’ € {0,1}", i=1,... k}.
We assume that, ‘almost everywhere’ on a neighborhood of x, (i) the codistri-

butions & are of constant dimension, and (ii) there exists a smallest p* such
that

E0C - CEp =Epit =dO.

Let n; denote the codimension of &;_; in &,. Then there exists sets of control
sequences [1]

L= {(u")]u" €{0,1}"},
L ={(",u?)[u" € {0,1}", u> € {0,1}"},

that satisfy

(a) If (u",...,u") € I; then (u",...,u"") € I,_y, forj > 2.
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(b) The one-forms
U{dL,, Ly, (W), u") € 1, U {dh}

span &, on a neighborhood of xj. In the single-output case these one-forms
actually constitute a basis for &, and the cardinal number of I is n.

We obtain the control sequences, I, by direct, sequential construction of the
codistributions &%. See [1] for more details about the single-output case.

Example 3.2. Consider the 5th order system
et — 1 4+ ux?

—eut 4 1 4 u(exzfxz —e ™ _x%)

- : 3 2 1
X = —e" 2 4 ] 4 xje T — uxy , Y= .
X4
Xs
X1

This system is locally observable, but it is not observable for all inputs. In par-
ticular, it is not observable with ¥ = 0. We use the Mathematica function Con-
trolSequences (see Section 3.5) to compute

&o = {dxi], d[x4]},
&1 = {dx1],d[x>], d[xs], d[xs]},
&> = {d[x1],d[x>], d[x3], d[xa], d[xs]},
and
I, ={0}, I,={0,1}.
Now, direct computation leads to the four one-forms
o =d[Ly_,(h)] = " (da] + d[x)),
B=d[Ly,_,(h)] = dfxs],
y =d[Ly, Ly, ()] = "™ (d[xi] + dlxs]),
6 =d[Ly,_ Ly, (h2)] = d[xi],
and
span{dfx;],d[xs], o, B} = span{d[x,],d[x,], d[xs],d[xs]} = &1,
span{d[x,],d[x4], o, f, 7,6} = span{d[x],d[x,], d[x3], d[x4], d[x5]} = &>.

3.2. Observability indices

Consider the set of I; consisting of n; j-tuples:
L= {@™ ), wu) Y
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and define the p - n-vector of jth order Lie derivatives
qu,l.l o 'qu,j,l (h)

Ly, (h) =
quiltn/ a 'Lf“t’jtnj (h)

Now, consider the collection of covectors de,l_ (h) for i=0,...,p*, which we
can arrange in the (block) tableau

dh, dhy - dh,
dLy, (h) dLg (ha) -+ dLy (k)
dis, () dLg ) -~ dL; (k)

From this set we seek to identify a maximal set of independent covectors. We
can do this by searching down columns or across rows (recall the linear coun-
terpart). For a row search, begin with the first row and work from left to right,
then move to the next row. If the outputs are them selves independent, we iden-
tify p chains of covectors d#; del -+dL -1 (;) of length x;, i=1,...,p. The
1ntegers K; are the observability zndzces Plor an observable system x; + K, +

-+ K, = n. For autonomous systems this definition of observability indices
is equivalent to that in [13,14].

3.3. Observable form

If the system is observable, then we can define new state variables z € R" via
the transformation x — z.

© o hy -

Lf{flfl(hl)

_pr"l’*‘ (hp)

If the inverse is continuous and the transformed equations produce unique
solutions we call the transformed equations an observable form. This is consis-
tent with the usual terminology for linear systems and autonomous nonlinear
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systems. In the latter case, the transformed equations are in the form of p
chains,

21 =22 T gty 1 T 2t 42
Ziy -1 = Ziy " Zigy oty —1 = 2oty
Ziy = (P1<Z) U R (pp(z)

Y =21 T Vo = Ziitotrpo 1

Remark 3.3 (Xia and Zeitz). Note that if
[ dm

de.IAI—l ()
rank : (x0) =n

dh

P

dL 4,-1(h,)
L pP .
the implicit function theorem guarantees the existence of a smooth (local) in-
verse of the transformation (5) so that the transformation is a difffomorphism.
However, an inverse may exist even if the rank condition fails. In this case, the
inverse will only be continuous. If the transformed differential equations have
unique solutions on a neighborhood of x,, then this is still a useful transforma-
tion. This point is described more fully in Xia and Zeitz [8].

Example 3.4 (Continuation of Example 3.2). Let us return to Example 3.2 and
compute the observable form. We find the observability indices to be 3,2. The
transformation to observable form is

Z] = X1, 22:_1+CXI+xza 23:_1+e’(1+x}; 24 = X4, 25 = X5

from which the observable form is obtained

Z1 Zy + uzf

z uzs
d 3 z
— |z | = zZ3 y= .
dt ! ’ Za

Zy Zs

Zs5 Z]
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In this example, we see the two-chain structure of the observable form equa-
tions. Also, the role of the control input is displayed. We see clearly that the
system is not observable if u = 0.

3.4. Observer form

Now, we consider transforming (1) into the special form (time-varying linear
up to output injection) (4). In this form it is possible to use linear methods
for observer design. Eq. (4) will be called an observer form of which (3) is a spe-
cial case. Not every locally observable nonlinear system (1) has an observer
form.

The formulation we follow is that of [9,1,10]. First, let us introduce some
definitions. Consider a set of p vector fields, X = {X,..., X,}. Sequentially de-
fine sets of p + 1-forms

Qf = spanR{de“(h,-)/\j.’:ldhj\i =1,...,p;u e {0,1}"},
Q?((‘Fl = SpanR{deu(iXo‘)/\f:ldth € Qf, ue {07 l}m}7
o' =Y o,

=1

Let ifw) denote the usual contraction of the form w with respect to the vector
field /. We use the notation

ix(w) =ix, 0oy (m).

The following proposition, given in [10], generalizes the single-output result in
[9] to multiple outputs.

Proposition 3.5. The system (1) is transformable into the observer form (4) if and
only if:

(1) diy A - -+ Adhy(xg) # O (independent outputs).
(2) There exists a set of vector fields X\, ..., X, that satisfies
(@) Lyhj= 0y
(b) dimQ¥=n—p
(¢) Yo e Q¥ diyw)=0
(d) i) A Nidw,—p) ANdhy A+ Adhy(xg) # 0 where w;j=1,...,
n — p is any basis for Q.

If these conditions hold, then the transformation is given by
zZ1 = hl(x), ceyZp = hp(x),

de+p:ix(0)j), ]:1,,7[—[7
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Proof. A sketch of the proof is given in [10]. However, it is useful here to pro-
vide a more complete discussion of the sufficiency part in order to clarify the
nature of later computations. It is provided in Appendix A. [

Let us make a few comments about the stated conditions.
Remark 3.6 (Concerning item 2).

(1) Item (a) implies the p-tuple of vector fields X = [X,.. ., X,] forms a right
inverse of the Jacobian 0/4/0x. The vector field X; is aligned with the direc-
tion of y; = h, that is, it is orthogonal to the codimension-1 surfaces
hi{x) = constant. As in the single-output case [15] every X; satisfying the
conditions of Proposition 3.5 is a constant vector field in the linearized
coordinates, so it takes the form:

0
Xi:—+c

i i a
aZl- p+1 aZp+l +.---+cC

"0z,

i=1,...,p.

Furthermore, a linear change of coordinates z =7z with z; =z,

i=1,...,p leaves the equations in TVLOI form and one can be found
so that

0
X,' == ==

6Z,~

Such X; satisfy the conditions of Proposition 3.5 for a system in the form
observer form (4), [9,10].
(2) In item (b) Q¥ is considered a vector space over the reals. So dim Q¥ =
dim spanzQ”¥, which is not the same as dimspan Q*. See item (5) below.
(3) Item (c) is an integrability condition for each of the 1-forms iy(w). Recall
that any 1-form has the representation

w = Z a,»(x)dxi.
Thus, we have the differential
@a,—
dw:Zda,/\dx, :;a—xjdxj/\dx, =0.
Since dx; A dx; = — dx; A dx;, this implies that the Jacobian 0a/0x is sym-

metric so that the 1-form dw is an exact differential.
(4) Item (d) implies that the n coordinate functions

are independent thereby defining a valid coordinate transformation.
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(5) Ttems (b) and (d) together imply dimspan Q¥ =n — p. This follows from
the fact item (d) requires ix(w)A --- Aixw,—,) # 0 for every basis
{1, ..., 0,_p} of Q¥ ie., the 1-forms ixv(wy),...,ix(w,_p) are independent
in the usual sense (field of admissible functions). But this can be true only
if the p-forms w; are independent. To see this, suppose X is a vector field
on R" and suppose w;,w, are p-forms. Define a third p-form that is
dependent on w; and w,, w3 = y(x)w; + ya(x)w,. Then iy(ws) = y,(-
X)ix(w1) + ya(x)ix(w,). Consequently,
i)((wl) N i)((a)z) A\ i)((w3)

=y, (®)ix(w1) Nix(w2) Nix(wr) + p,(x)ix(01) Aix(wy) Adx(wy) = 0.

This calculation extends to the general case in which there is a dependence
among any number of p-forms.

Now, we need to provide a construction for the set of vector fields X. First,
obtain a set of vector fields Yi,..., Y, that satisfy

rodh T 0 01
dL -1 () Lo
: (Y1 Y,]=10 ()
da, 0
: : 0
_deﬁ'p—l(hp)_ L0 -+ 14
For any control sequence u',u7 ... we can define the set of vector fields
Zoppir = s Lo U YL =1, p.
Now, identify the subset of control sequences .# C I, that satisfy

det [LZI (h) Ly

ul k=1 uleaip=1

) #0
and use any one of these sequences to obtain

(X, - X,)]:[Lzl ) (h) -+ Lp (h)}

w11 wlfp—1
1 4
X |:Zu1_,_u,\-171 : Zulmunpfl } (8)

The following theorem summarizes the key result. It generalizes the single-out-
put case proved in [1].

-1
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Proposition 3.7. The system (1) is transformable into the observer form (4) if and
only if:

(1) 7 # 0.
2) Y(ur,...,up) € S, diz, .., (h)=0,i=1,...,p
(3) The set of vector fields X, ..., X, is given by Eq. (8), and the following con-
ditions hold:
(a) dimQ¥=n—p.
(b) Vo € Q¥ diy(w)= 0.
©) ix(w) A~ Nix(w,_p) Ndhy A= Ndhy(xo) # 0 where w; j=1,...,
n — p is any basis for Q.

Proof. Sufficiency follows from Proposition 3.5. Necessity is proved in Appen-
dix B. O

3.5. Computational tools

The computations described above have been implemented in a Mathemat-
ica package. In this section, we wish to summarize the key elements of our
implementation.

The package has three primary high level functions:

(1) Observabilitylndices, computes the observability indices.

(2) ObservableTransform, computes the transformation to observable form.

(3) LinearizeToOutputlnjection, computes the transformation to observer
form.

These are supported by several utility functions that compute the control se-
quences, solve the first order partial differential equations of Proposition 3.5,
and others. The most important of these are

(1) ControlSequences
(2) OmegaForms
(3) SpanR

Underlying these calculations are basic tools for working with differential
forms. We have slightly extended the Exterior Differential Calculus package
of [16]. These three new tools have been incorporated into the ProPac package
described in [17].

A key construction is ControlSequences which performs the computations
outlined in Section 3.1. The algorithm proceeds as follows.
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Algorithm (ControlSequences).

Input: £, A, x, u (x = f,(x),y = h(x))

Output: list of indices, ny, list of sets of control sequences, I

begin

&y ={dh}; r=dimé&,, k=0;

while (dimé& < n)&&(k < n) do
k++
Setup & = d[Ls, -~ Ly, (h)]U dh} with generic control sequence
ny = dlm@@k — dimof@k,];
Enumerate all controls «* € {0,1}™ that do not reduce dimé&; =: %,
Pick out 7 control sequences of the form
se={se1, U}y, k€ Uiy € Loy = 1

end

Once the control sequences are obtained, it is a simple mater to set up and
solve Egs. (7) and (8). Once the vector fields X, ..., X, are obtained, we com-

pute Q¥ using the function OmegaForms.

Algorithm (OmegaForms).

Input: f, 1, x, u, Xy,..., X,
Output: a basis for Q¥
begin

Qf = spanR{deu(h,-)/\fldhj lu c {{7071}’5}»

Q¥ =0f;

k=1,

while dim Q¥ < n—p do
k++ o
af = spany{ L (e ah | B
Q¥ =04+ Qf

end

The central calculations in the above procedure are the summation in
the last step and the construction spang. The summation is based on item
(4) of Remark 3.6. We successively check each (p + 1)-form o € fo CIf
a € spanQ* we drop it, otherwise we join it to the set of (p + 1)-forms that de-

fine Q¥
Now, consider the procedure for computing spang.
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Algorithm (SpanR).

Input: a list of # forms of dimension p, 4 = {oy,...,%,}
Output: a set of basis forms for spanzA4
begin
Basis = {o} (assuming o, is not trivial)
k=2
while k£ < n do
k++

Check if o can be expressed as a linear combination, over the reals, of the
forms in Basis. If not add oy, to Basis.
end

The test in the above algorithm is implemented using the Mathematica func-
tion Reduce. Suppose, at the kth step, we have

Basis = {f,...,f,}-
We want to determine if there exists real numbers k,. .., k, such that
o= ki kg

Reduce allows us to seek solutions of this equation with the unknowns
ki, ...k, restricted to real numbers.

4. Examples

Several examples follow that illustrate the computations (these and other
examples can be found worked out in the Mathematica notebook Examples.nb
that can be downloaded from http://www.pages.drexel.edu/~hgk22/note-
book.htm). In each case we compute both the observable and observer forms.
First, Example 4.8 is linearly observable (and therefore zero-input observable).
Example 4.9 is zero-input observable but not linearly observable. Example 4.10
is locally observable but does not satisfy the observability rank condition.
Example 4.11 is linearly observable. Example 4.12 is not zero-input observable
but satisfies the observability rank condition.

Example 4.8 (Krener and Respondek Example 7.3). Consider the three state,
nonautonomous system from [7]

X1 X2

x3+(1+e"1)u N Yy =Xx1.

d
ar |

X3 325 4 xixs + (1 +x1 +x2)u


http://www.pages.drexel.edu/~hgk22/notebook.htm
http://www.pages.drexel.edu/~hgk22/notebook.htm
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This system is linearly observable. Notice that it is already in observable form.
Applying the tools described above, we find that the system transforms to ob-
server form with the transformation

Z] = X1, Zp= (X? — 4)62)/2, Z3 = —X?X2 —+ Xx3.

The observer form is

d 4 O —% O Z1 %y“
a Zy | = 0 0 -2 zZy | + —2(1 —|—e”)u
73 0 —3u 0]z (1+y— (1 4+ +*/4)u

Example 4.9 (Xia and Zeitz Example 2). Now, consider the simple two state,
single output, autonomous example from [8]. Although the transformation is
smooth, its inverse is only continuous.

g X1 . X1 *x2+x5
dl xs - X ) Yy =X 2

The system is observable with index 2, but it is not linearly observable. The
transformation to observable form is smooth

3,5 3 5
21 =x1+x, 2z =73x+5x.

But its inverse is not

1 1/3 3
X1 = — —E (521 —22) 5

1 1/5 s
Xy = — —5 (—321 -I-Zz) .

The observable form equations are

1N .
— = =2z
ar |z 15z 485, T

The transformation to observer form is
3 5 3 5
Z1=x]+x%, 2z =15 +3x

and its inverse is

e s
x=-(-3 (=3z1+2z) "7,
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The observer form equations are
il = s 1= [0 Lk
de |z, 15z, 0 15

Example 4.10 (Xia and Zeitz Example 3). Now consider a nonautonomous
example, from [8]. It is not zero-input observable. However, it is observable
with observability index 3. As we will see, the observable and observer form
are the same. The transformation is smooth, but its inverse is merely

continuous.
3

X1 = X5,
Xy = Xout,
y =X1.

The transformation to observable/observer form is
3
Z1 = X1, 2= —X
and its inverse is
X1 =21, X2= —Z, .

The transformed equations are

Z) = —2zy,
22 = 3Zzu,
y =1Z.

Example 4.11 (Hou and Pugh). This example is from [18]. They propose a
method for linearization to output injection for multiple output autonomous
systems different from that implemented here. To obtain the observer form
we need to reorder the outputs.

X1 X2
d - _|:0 1:||:XI:|
dtxz_x2x3’y_10x2'
X3 X2

The system is observable with indices 2,1. The transformation to observable
form is simply a reordering of states

Z] = X3, Zp =X, Z3=X]

leading to
21 22
d
— | Z = Z1Z
dr 2 142

z3 zy
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The transformation to observer form is
2
Zl =X3, Zy =X, Z3= %(—sz +x3).

This transformation produces the observer form

d z %(zf —2z3) 0 0 =1z P 1
w2l = MWzt =2z) | = |0 0 —1| |z +§1 1],
z3 0 00 0|z

Example 4.12 (Continuation of Example 3.2). We return to Example 3.2 and
compute the observer form. The transformation to observer form is found to
be

ZI=X1, Zn=2X4, zz3=—€1"2  z4= x5, z5=2e"1",
From this we find the observer form
[z ] [—z3 — 1 +uz}] [0 0 =1 0 07 [z] [—1+yiu
Z —z4 00 0 0 O Z Vy
% z| = u(l —zs) =100 0 O —u||z|+ u
Z4 —z) 00 0 0 O Z4 -
| z5 | L z ] 10O 0 0 0 ] [zs] Ly

5. Conclusions

The observability properties of nonlinear systems have nuances that have no
counterpart in linear theory. One consequence of this is that there are oppor-
tunities for state estimation in nonlinear systems even when its linearization is
not observable or there is some other pathology associated with observability
(see Section 2). There are important practical implications because problems
like this occur when operating around bifurcation points and in fault detection
and identification. However, to take advantage of these possibilities it is neces-
sary to build observers using new design paradigms, some of which have
emerged in recent years. To do so requires development of new computational
tools.

In this paper, we have described symbolic computations for reducing non-
linear smooth affine systems to observable and observer forms, when possible,
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as the first step in observer design. These tools can be applied to systems that
are linearly observable, locally observable with zero input or merely locally ob-
servable. Our approach involves computations with differential forms, which
experience shows to be extremely efficient.

Our characterization has at its root the computation of sequences of con-
stant controls as formulated in [1]. This idea appears to have its origins in
the pioneering work of [19]. Using this construction, we introduce a local ob-
servable form for nonautonomous systems that is consistent with prior work
and complements the observer form of [10]. Our approach to computing the
observer form is based on a multiple-output generalization (Proposition 3.7)
of the method proposed in [1].

In Section 3.5 we describe the essential computations in our implementation
and in Section 4 we give several examples. The examples are chosen to illustrate
a variety of circumstances. The following cases are covered:

(1) autonomous and nonautonomous,

(2) linearly observable,

(3) not linearly observable, but zero-input observable,

(4) not zero-input observable, but satisfies the observability rank condition,
(5) locally observable, but does not satisfy the observability rank condition.

There are further enhancements that need to be considered. Of course, not
all locally observable systems have an observer form. However, the class of sys-
tems that do can be expanded if one allows for a transformation of the outputs.
This was pointed out in [5]. In the single-output case, necessary conditions for
the output transformation where obtained by Besancon [20] in the framework
employed herein. In the multiple-output case even output reordering helps (see
Example 4.11 and [18]).

Appendix A. Proof of sufficiency part of Proposition 3.5
Sufficiency: Assume that the hypotheses of the proposition hold, and the

new coordinates are defined by Egs. (6). The vector field f,, can be expressed
in the new coordinates

" 0
Ju= Z;qu(zi)a—zi-

We wish to determine the components of the vector field F', = Ly, (z;). Notice
that, for i > p, we can write

dF! Adzy A -+ ANdz, = Lj (dz;) Adzy A -+ Adz,.
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In view of (6) this becomes
dF' Adzy A -+ ANdz, = Ly, (ix(w;,)) Adzy A -+ Adz,.

But, Ly (ix(w;—,)) € Q¥ So, we can express L¢(ix(w;—p)) as a linear combination
of the n — p basis elements of Q* where the real coefficients depend on the
parameter u. Thus,

dFi, Adzy A---ANdz, =) oi(u)w; Adzy A -+ Adz,.

One can easily verify the identity iy(w;) A dz; A --- A dz, = w;, which, again in
view of (6), implies that w;=dzu,Adzy A---Adz, for j=1,..,n—p.
Consequently,

n—_p
dF, Adzy A---Adz, = ) ol(u)dzjy, Adzy A -2 A dz,.
j=1
Then, it must be true that
. a4 . £
drt = o (u) dzjy, + O(z1,...,zp,u)dz;.

J=1

~.

Note, that it is the integrability requirement that insures that ¢ depends only
on the coordinates zi,.. .,z,. Integrating, leads to
n—p
F = Zog’/.(u)zj+p+ o(z1,. . zpu), i=p+1,... 0
Jj=1

Forj=1,...,p,
dF Adzy A+ Adz, =dL;, (z;) Adzy A -+ Adz,.

But, in view of @}, dL,(z) € %, fori = 1,...,p. So, the remainder of the argu-
ment proceeds as before.

Appendix B. Proof of the necessity part of Proposition 3.7

Here, we provide a sketch of the proof. The overall logic follows the argu-
ments of [1] for the single-output case.

The conditions of the theorem are coordinate free. So if the system (1) is
transformable to (4) we can verify conditions (1)-(3) in the z-coordinates.
We begin by introducing the ‘unobservable’ distributions (replaces the unob-
servable subspace of linear systems)

Fo={X|Lx(h;) =0, i=1,...,p},
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LXLkaH o 'qul (hl) =0

97k+1:fkﬂ X ul,...,u"“G[O,l]m
i=1,...,p
Our observability assumption on &, . ..., implies that

FoD - DF,={0}.
In z-coordinates, we can compute (following tedious computations as in [1])

Fo = {X|CX =0},

F o = TN {X|(C4), X =0}.

L1
Accordingly, introduce the sets of constant vector fields

Fo={X € R|CX = 0} = ker C,
Fk+1:Fkﬂ{X€Rn|(CA) XZO}

Lt

Comparing these, Hammouri and Kinnaert [1] point out that the real vector
spaces Fj span the distributions & . Their Lemma 5 and Claim 7 are easily ex-
tended to the multi-output case:

Lemma 2.13. (i) Yu € {0,1}", [fu, Fr+1] C Fy for k=0,...,p* — 1. (i) VX €
T\ F i1, Ju € {0,1}" such that [f,,X] € Fr1 \ Fi for k=1,...,p*

Proof. (i) Let X € % ;.. From the definition of the & ,’s we have for every
W',...u)e({0,1}™) and 1<r<k+1, LyL; ---L; (h)=0, i=1,...p.
Thus,

Ly, xiLs, -+ Ly, (hi) = Ly Ly, -+ Ly, (hi) = LyLy, -+ Ly, (hi) = 0

so that [f,,X] € Z;.

(if) Assume the contrary, i.e., there exists X € % \ . such that for every
ue{0,1}", [f,,X] € F, then using the formula in (i) above, we obtain
LyLgLs ---Ls (h)=0,i=1,...,p, for every wu',.. ., uf e {0,1}™. But then,
X € 1, which contradicts the assumption. [

On this basis [1] establish the following corresponding result for the Fj.

Lemma 2.14. (i) Yu € {0,1}",[ ., Fis1] C Fy, for k=1,...,p* — 1. (i) VX €
Fi\F+1,3u € {0, 1} such that [ f,, X] € Fi_\Fy for k=1,...,p* — 1.

Proof. For every X € Fiy, [f,, X] € Z1, 0 < k < p* — 1 by Lemma 2.13. Now

compute

09 (v, u)
qy

i X) = Lo x = gy -

CX = —A(u)X.
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Thus, [f,, X] is a constant vector field. Hence, [f,, X] € F. This proves (i). Now,
suppose X € F;\F;_;. Again from Lemma 2.13, we have [f,,X]| € F ;1 \ .
But the calculation above shows [f,, X] is a constant vector field, so [f,, X] €
Fi_1\Fy, thus establishing (ii). O

Proof of main result. Condition (1): by rewriting Eq. (7) in z-coordinates and in
view of the definition of the sets Fy, we can establish Y; € F,._,\F,_,, for each
i=1,...,p.

Lemma 2.14 implies there exists «' € [0, 1] such that [fur, Yi] € Fiooa \ Frim1.
Successive application of Lemma 2.14 leads to the conclusion Juy,...,u, | €
[0,1]" such that

mwi—l7["' HI7YI‘]"']]€FO\F1. (9)
Now we can show that there exists u,, such that
igs L U, Y] -] € Fo. (10)

To see this, assume the contrary, i.e.,
Yu" € Rm;L[f;,Kf-,[“‘[/‘;,l ,Yl]m]](h) € Fy
so that

Ly Lip o ety v (B) = Lip oy ety v Ly () = 0.

ui

Now, since
Vi [ Vs Y]] € Fo

it follows that Ly, .17, .- (h) = 0 and, hence,
[fu”r’lv["' [fulvyi] ]] SN

which contradicts Eq. (9). Consequently, (10) holds.
By construction

Z;l..,uh’rl = [fu,(l.,m [ o qum Yl} o H

1s a constant vector field in the z-coordinates, i.e.,

. " .0
Zy =S

for some constants d’. Now compute,

_dta
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so that
i
dl
LZ;l.v.,,K‘.,l (CZ> = Cz;lwu"i’l = :
i
dp

It is not difficult to verify that the (constant) vector fields Ziﬂ-»y"i” are linearly
independent. Now, from (10), we have for each i=1,...,p

[dy - d, 0 - 0] ¢kerC.

Since rank C = p, we have dimker C =n — p and there are precisely p inde-
pendent vectors not contained in kerC. It follows that the p-vectors

[dy - d;], i=1,...,p are independent. Consequently,
d} o dh
[LZI (Cz) -+ Ly (C2)] =
ulgf1-1 wlfp—1 . . .
1
d, - &

is invertible. This implies .# # (.
Condition (2): since the Z, ..,

coordinates, Condition (2) holds.
Condition (3): in the z-coordinates, compute

are constant vector fields in the z-

-1
Xl_:[LZIL () o Ly ()7, =

o —1 Kp—1 uleeyi=!
P @z,-

ul ¥l
which satisfies the conditions of Proposition 3.5 for a system in the form obser-
ver form (4), see item (1) in Remark 3.6 and [9,10]. O
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